ABSTRACT. The aim of this paper is to classify the cohomogeneity one conformal actions on the threedimensional essential Riemannian spaces, up to orbit equivalence. Among other results, the representations of all connected Lie groups acting with cohomogeneity one or zero within the full conformal group of a given three-dimensional essential Riemannian space are determined, up to conjugacy, and the orbits are specified up to conformal equivalence.
INTRODUCTION AND PRELIMINARIES
An interesting problem in the literature of G-manifolds is to determine a list of groups admitting actions of the type under investigation. A number of researchers have tried to determine the groups which act isometrically on pseudo-Riemannian manifolds up to local isomorphism or at most up to isomorphism (see for example [1, 17, 26, 27] ). Their aim was not to study the induced orbits and so they did not consider cohomogeneity assumption as a dynamical restriction. An action of a Lie group G on an n-manifold M is of cohomogeneity k, where 0 k n, if the maximum dimension among the induced orbits in M is n − k. There are few papers about cohomogeneity one Lorentzian manifolds (see for instance [2, 3, 4, 7, 11, 25] ), and many papers in the field of cohomogeneity one Riemannian manifolds (see [5, 6, 8, 9, 10, 19, 22, 23, 24] ). In the later case, the common hypothesis is that the acting group is a closed Lie subgroup of the isometry group of the Riemannian manifold. This assumption causes an strong dynamical restriction, that is the action should be proper. In fact, it is proved that the action of G on M is proper if and only if there is a complete G-invariant Riemannian metric on M (see [5] ). This theorem makes a link between proper actions and Riemannian G-manifolds. The orbits of a proper action are closed submanifolds, the isotropy subgroups are compact and the orbit space is Hausdorff ( [1] ). However, the closeness of the acting group in the conformal Lie group of a Riemannian manifold does not imply the properness of the action (see Proposition 2.2 and Theorem 4.1). Although, conformal actions have been studied by many mathematicians, amount of results in the area of cohomogeneity one conformal actions is not satisfying (see [15, 16, 18] ).
Given a pseudo-Riemannian manifold (M, g) the corresponding conformal class, denoted by [g] , is the set of metrics on M of the form e f g where f : M → R is a smooth function. A diffeomorphism ϕ : M → M is said to be conformal if ϕ preserves the conformal class [g], i.e., the pullback metric ϕ * g belongs to [g] . A conformal structure (M, [g] ) is called essential when Conf(M, [g] ), the group of conformal transformations of (M, [g]), does not preserve any metric in the metric class [g] . Roughly speaking, (M, [g] ) is essential if its conformal group is strictly "bigger" than the isometry group of every metric g ∈ [g].
In 1996, J. Ferrand classified the essential Riemannian spaces by proving:
where g S and g E are the canonical metrics on the n-dimensional sphere S n and Euclidean space E n , respectively.
The n-dimensional sphere S n compactifies conformally the Euclidean space E n by stereographic map. More precisely, for an arbitrary point p ∈ S n , the complement S n \{p} is conformally equivalent to the Euclidean space E n . Every conformal map on E n extends to a unique conformal map on S n . Therefore, classifying the cohomogeneity one (resp. zero) conformal actions on the Euclidean space E n is a result of the classification of the cohomogeneity one (resp. zero) conformal actions on the sphere S n .
In this paper, we classify, up to conjugacy, the cohomogeneity one and cohomogeneity zero conformal actions on the 3-dimensional Riemannian essential spaces, namely, the sphere S 3 , and the Euclidean space E 3 . Actually, subgroups of Conf(S 3 ) fixing a point in S 3 can be seen as the subgroups of Conf(E 3 ) (see Section 3).
Let R 1,4 denote the 5-dimensional real vector space endowed with the Lorentzian quadratic form
under the projection P : R (1, 4) , consists of the linear isometries of R 1,4 preserving both orientation and time-orientation.
The following theorems classify connected Lie subgroups of Conf(S 3 ) acting with cohomogeneity one and cohomogeneity zero on S 3 . Theorem 1.2. Let G ⊂ Conf(S 3 ) be a connected Lie subgroup which acts on S 3 with cohomogeneity one. Then, up to conjugacy, G admits the same orbits as those induced by one of the groups in Table  1 . Furthermore, the action of G is proper if and only if it is conjugate to SO(3) or SO(2) × SO(2).
Here a ∈ R * is a constant number, P = Re 1 ⊕ Re 2 , and L = Re 3 .
Proof. It follows from Lemma 1.5, Proposition 2.2, and Theorems 3.1, 4.1. Theorem 1.3. Let G ⊂ Conf(S 3 ) be a connected Lie subgroup which acts on S 3 with cohomogeneity zero. Then, up to conjugacy, G admits the same orbits as those induced by one of the groups in Table  2 . Furthermore, if G acts on S 3 properly, then the action is transitive. The following theorem plays a key role in this study. Proof. By Theorem 1.4, G preserves a non-trivial linear subspace V ≤ R 1,4 , since it is a proper subgroup. The group G also preserves the orthogonal space V ⊥ . Since dim V ⊥ = 5 − dim V , we can restrict ourselves to dim V ≤ 2. If V is a lightlike (resp. timelike) line, then G fixes a point in S 3 (resp. H 4 ). Suppose that V is a Lorentzian 2-plane. Then V contains exactly two distinct lightlike lines. Since G is connected and its action on V is isometric, it preserves both the lines. If V is a degenerate 2-plane, then it contains a unique lightlike line. This line is G-invariant, since the action of G is isometric.
We need the following well-known lemma in squeal. Lemma 1.6. The orthogonal group O(3) has three distinct connected Lie subgroups, up to conjugacy, namely, {Id}, SO(2), and SO(3).
PROPER ACTIONS
In this section we consider the proper actions on S 3 . Let G be a connected Lie subgroup of Conf(S 3 ) which acts on S 3 properly. Then G must be a compact Lie group since S 3 itself is compact. Therefore, G is, up to conjugacy, a subgroup of SO(4), the maximal compact Lie subgroup of SO • (1, 4). Actually, SO(4) is the identity component of the stabilizer of a timelike line ℓ ≤ R 1,4 . Hence, it acts on ℓ trivially, and so, fixes a point in the hyperbolic space H 4 . The group SO(4) preserves also the orthogonal complement ℓ ⊥ ≤ R 1,4 which is isometric to the Euclidean space R 4 .
Hence, we may consider the action of G on S 3 as an action induced from its linear isometric action on R 4 , where S 3 is the set of unit vectors in R 4 . It follows that G acts on (S 3 , g S ) isometrically.
Lemma 2.1. Let G ⊂ Conf(S 3 ) be a connected Lie subgroup which acts on S 3 properly and with cohomogeneity zero. Then the action is transitive.
Proof. Observe that, G is compact, since the action is proper and S 3 is compact. Hence, every G-orbit in S 3 is closed. The group G admits an open orbit, say O ⊂ S 3 . Therefore, O coincides with S 3 , since it is a non-empty open and closed subset of a connected space. Hence, G acts on S 3 transitively. Proposition 2.2. Let G ⊂ Conf(S 3 ) be a connected Lie subgroup which acts on S 3 properly and with cohomogeneity one. Then it is conjugate either to SO(3) or SO(2) × SO(2).
Proof. Since G acts properly and S 3 is compact, G is a compact subgroup of SO(4) up to conjugacy. By a well known fact in cohomogeneity one literature, the orbit space may be homeomorphic to one of the following spaces (see [20] ).
By the compactness of S 3 the cases [0, 1) and R are excluded. We claim that the case S 1 is discarded too. If the orbit space S 3 /G is homeomorphic to S 1 then the projection π : S 3 → S 1 is a fibration with fiber G/K, where K is the isotropy subgroup of a regular point (regular point is a point that its image in the orbit space is an internal point). By Theorem 4.41 of [14, p.379] there is a long exact sequence of homotopy groups as follows.
which implies that π 1 (S 1 ) = 0, a contradiction. Thus the orbit space is homeomorphic to [0, 1], and so there exist two singular orbits. Non of the singular orbits is exceptional, since S 3 is simply connected (see [10, p.185] ). Thus each singular orbit is either a point or a circle. Let G(x) be a singular orbit. Case I: If G(x) is a point (the orbit is zero-dimensional) then clearly G acts on R 4 reducibly. Precisely, G preserves the line Rx ≤ R 4 . Hence, up to conjugacy, it is a subgroup of SO(3). In the one hand, SO(3) fixes two antipodal points on S 3 and admits a codimension one foliation on the complement of these two points in which every leaf is homothetic to the 2-sphere S 2 . On the other hand, by Lemma 1.6, SO(3) has no 2-dimensional Lie subgroup. This implies that G = SO(3), up to conjugacy.
The subgroup K is closed, and so, compact. Hence, for an arbitrary point y ∈ G(x) the orbit K(y) is compact. It follows that K acts on G(x) trivially. We deduce that for any y ∈ G(x) the stabilizer G y coincides with K. Consequently, K is the kernel ker π. So, K is a normal subgroup of G. Since, K fixes at least two non-antipodal points in S 3 , it preserves a 2-plane Π ≤ R 4 . In fact, K acts on Π trivially, since its action is isometric. Also, K preserves the orthogonal complement Π ⊥ which is of dimension 2. Note that, since the action of K on R 4 is faithful, it admits an orbit of dimension ≥ 1. Therefore, it acts on Π ⊥ irreducibly. So, Π is the maximal subset of R 4 which K acts on it trivially. This induces a faithful representation of K in the group of linear isometries of Π ⊥ (the kernel of this representation will be in the kernel of the action of G on S 3 ). Hence K ⊆ O(2) and so dim G = 2. For any g ∈ G and any v ∈ R 4 we have g(K(v)) = K(g(v)), since K is a normal subgroup of G. It follows that, for an arbitrary point w ∈ Π the orbit K(g(w)) is a singleton. This implies that the element g preserves Π, and so, Π is G-invariant. This induces a representation G → SO(2) × SO(2), where SO(2) is the identity component of the group of linear isometries of Π (and Π ⊥ ). This map is onto, since the action is of cohomogeneity one. Since dim G = 2, the kernel of this representation is discrete, and by the faithfulness of the action it should be trivial.
By the proof of Proposition 2.2 one gets that the action of SO(2)×SO(2) admits two 1-dimensional orbits O 1 , O 2 each of them isometric to the circle S 1 , the one consists of the unit vectors in Π, and the other corresponds to those of Π ⊥ . Furthermore, SO(2)×SO(2) acts on the complement S 3 \(O 1 ∪O 2 ) freely. Hence, it admits a codimension 1 foliation on S 3 \(O 1 ∪ O 2 ) on which every leaf is homothetic to the 2-torus T 2 .
As an immediate consequence of the proof of Proposition 2.2 one gets the following corollary.
Corollary 2.3. Let G ⊂ SO(4) be a connected Lie subgroup which acts on S 3 with cohomogeneity one. Then, G is a closed subgroup of SO (4), therefore, it acts on S 3 properly.
Proof. Consider the action of G on R 4 . If G acts on R 4 reducibly, then by a similar argument of that of the proof of Proposition 2.2 one can see that, G is conjugate either to SO(3) or SO(2) × SO(2), which are closed subgroups of SO(4). If G acts on R 4 irreducibly, then by [12, Theorem 1], G is a closed subgroup of GL(4, R). This implies that G is a closed subgroup of SO (4). This completes the proof.
ACTIONS ON THE 3-DIMENSIONAL EUCLIDEAN SPACE E 3
Let G be a Lie subgroup of Conf(S 3 ) which fixes a point p 0 ∈ S 3 . As we mentioned earlier, the complement S 3 \ {p 0 } is conformally equivalent to the 3-dimensional Euclidean space E 3 . This induces a representation form G into Conf(E 3 ). Choosing a point o ∈ E 3 as the origin, the conformal group Conf(E 3 ) splits as the semi-direct product (R * × O(3)) ⋉ R 3 . Thus, Conf(E 3 ) consists of the elements of the following form
where α = 0 is a homothety (centred at o), A ∈ O(3) a linear isometry, and v ∈ R 3 a translation. The group operation rule in Conf(E 3 ) ≃ (R * × O(3)) ⋉ R 3 is as follows:
The Lie algebra of Conf(E 3 ) is isomorphic to the semi-direct sum (R ⊕ so (3)) ⊕ π R 3 , where π is the natural representation of R ⊕ so(3) in gl(R 3 ). Hence, the Lie bracket rule in this Lie algebra is
Therefore, the adjoint action of Conf(E 3 ) on its own Lie algebra is as follows.
The following maps are Lie algebra morphisms:
For a Lie subalgebra g of (R ⊕ so(3)) ⋉ R 3 , the kernel ker p l | g is called the translation part of g and we denote it by T (g). It is a linear subspace of R 3 and an ideal of g, and so, it is invariant by the natural action of p li (g).
Let {e 1 , e 2 , e 3 } be the standard basis for R 3 . The set of the following matrices is a basis for so ( By Lemma 1.6, so(3) has a unique non-trivial proper Lie subalgebra, up to conjugacy, namely, the subalgebra generated by X. The X-invariant subspace of R 3 are the 2-plane P generated by {e 1 , e 2 } and the line L generated by e 3 .
We specify the following 1-parameter subgroups of
where a ∈ R * is a constant number.
Theorem 3.1. Let G ⊂ Conf(E 3 ) be a connected Lie subgroup which acts on E 3 with cohomogeneity one. Then, up to conjugacy, G admits the same orbits as those induced by one of the following groups
Theorem 3.2. Let G ⊂ Conf(E 3 ) be a connected Lie subgroup which acts on E 3 with cohomogeneity zero. Then, up to conjugacy, G admits the same orbits as those induced by one of the following groups
Theorems 3.1 and 3.2 follow from the following proposition. It classifies, up to conjugacy, all the connected Lie subgroups of (R * × O(3)) ⋉ R 3 with dim ≥ 2. Proposition 3.3. Let G be a connected Lie subgroup of (R * × O(3)) ⋉ R 3 with dim G ≥ 2. Then G is conjugate to one of the Lie subgroups in Table 3 .
Proof. We classify the connected Lie subgroups of H = (R * × O(3)) ⋉ R 3 by their corresponding Lie subalgebras in h = (R ⊕ so (3)) ⊕ π R 3 and applying the adjoint action of H on h. We take λ = 1 as a generator (basis) of R.
Let g be a Lie subalgebra of h with dim g ≥ 2.
First assume that dim p li (g) = 3. Then clearly p li (g) = so(3). The so(3)-invariant subspace of R 3 are R 3 itself and {0}. Therefore, the translation part of T (g) is either R 3 or {0}
•
, then obviously g = h.
-If dim p l (g) = 3, it follows that p li : g → so (3) is a Lie algebra isomorphism. Hence
is a surjective Lie algebra morphism. Since so(3) is simple, it has no non-trivial ideal. It follows that f ≡ 0. This implies that g is conjugate to so(3) ⊕ π R 3 .
• If T (g) = {0}:
-If dim p l (g) = 4, then there are four vectors u, v, w, s ∈ R 3 such that {λ + u, X + v, Y + w, Z + s} is a basis for g. Considering the Lie bracket we have
From the above equations, we get
Hence g is simple. Thus it is conjugate to the Levi factor of h which is so(3). Now, suppose that p li (g) is a 1-dimensional Lie subalgebra. Since so(3) has, up to conjugacy, a unique 1-dimensional Lie subalgebra, we may assume p li (g) = RX. The X-invariant linear subspace of R 3 are {0}, the line L = Re 3 , the 2-plane P = Re 1 ⊕ Re 2 , and R 3 .
, then there is a constant a ∈ R such that {a + X, e 1 , e 2 , e 3 } is a basis for g. Therefore,
-If dim p l (g) = 2, then there are two vectors u, v ∈ R 3 such that {λ + u, X + v, e 1 , e 2 } is a basis for g. By closeness of the Lie bracket in g we have
Now,
Since v − X(u) ∈ P, we have X ∈ Ad (1,Id,u) (g). Hence, g is conjugate to the semidirect sum (R ⊕ RX) ⊕ π P. -If dim p l (g) = 1, then there is a constant a ∈ R and a vector u ∈ R 3 such that {a + X + u, e 1 , e 2 } is a basis for g. For a vector x ∈ R 3 we have
If a = 0, the linear system u − ax − X(x) = 0 has a unique solution, namely,
If a = 0, then u − ax − X(x) ∈ P if and only if u 3 = 0. Therefore, there are two cases: If u 3 = 0, then g is conjugate to the semi-direct sum RX ⊕ π P. Otherwise, g is conjugate to R(X + e 3 ) ⊕ π P via Ad (1/u 3 ,Id,0) .
-If dim p l (g) = 2, then there are two vectors u, v ∈ R 3 such that {λ + u, X + v, e 3 } is a basis for g. Considering the Lie bracket we have
Now, we have
, then there is a constant a ∈ R and a vector u ∈ R 3 such that {a + X + u, e 3 } is a basis for g. We apply Ad (1,Id,x) on g:
, then there are two vectors u, v ∈ R 3 such that {λ + u, X + v} is a basis for g. By closeness of the Lie bracket we have:
Hence, applying Ad (1,Id,u) on g we have
Therefore, g is conjugate to R ⊕ RX. Finally, If p li (g) = {0 3×3 }, then g is a Lie subalgebra of R ⊕ π R 3 . Up to action of SO(3) on R 3 , the subspaces L and P are unique 1-dimensional and 2-dimensional linear subspace of R 3 , respectively. Hence, if p h (g) = {0}, then g is conjugate to P or R 3 . From now on, we assume that p h (g) = R.
• If T (g) = R 3 , then obviously g = R ⊕ R 3 .
• If T (g) = P, then there is a vector u ∈ R 3 such that {λ + u, e 1 , e 2 } is a basis of g. Applying
Now, we consider the orbits induced by the actions of the subgroups obtained in Proposition 3.3. Let (x, y, z) be an orthonormal coordinate for E 3 . The origin o has coordinate (0, 0, 0).
Consider the action of G = S ⋉ P on E 3 . For an arbitrary point p = (x, y, z) ∈ E 3 , the vector tangent to the orbit G(p) at p induced by the 1-parameter subgroup S ⊂ G is v = (y, −x, 1). Clearly, {v, e 1 , e 2 } is a basis for T p G(p). Hence, all the orbits induced by G in E 3 are open, and since, E 3 is connected, we conclude that, G acts on E 3 transitively. Also, every subgroup of Conf(E 3 ) containing the full translation group R 3 acts on E 3 transitively. Therefore, the actions of the following groups on E 3 are transitive:
The action of P admits a codimension 1 foliation F P on E 3 on which every leaf is an affine 2-plane. The 1-parameter subgroup SO(2) preserves the leaves of this foliation. Therefore, the orbits induced by SO(2) ⋉ P in E 3 are exactly the same as those induced by P.
Let G = N a ⋉ P. In the one hand, the homothety factor R * + preserves a unique leaf of F P , namely F P (o). This implies that the group N a ⋉ P ⊂ (R * + × SO (2)) ⋉ P preserves the leaf F P (o), as well. On the other hand, for an arbitrary point p = (x, y, z) ∈ E 3 , the vector tangent to the orbit G(p) at p induced by the 1-parameter subgroup N a is v = (ax + y, −x + ay, az). The set {v, e 1 , e 2 } ⊂ T p G(p) is a basis if and only if z = 0 if and only if p / ∈ F P (o). Hence, G acts on the both connected components of E 3 \ F P (o) transitively. Therefore, the following groups admit the same orbits in E 3 R *
The action of L admits a 1-dimensional foliation F L on E 3 on which every leaf is an affine line. The homothety factor R * + and the plane-rotation group SO(2) preserve a unique leaf of F L , namely,
on which every leaf is diffeomorphic to the cylinder S 1 × R.
• The action of the homothety factor R * + preserves non of the leaves induced by
For an arbitrary point p ∈ E 3 , the orbit G(p) intersects the line l = {(t, 0, 0) : t ∈ R}. It can be easily seen that
The group SO(3) fixes the origin o and admits a codimension 1 foliation F S on E 3 \ {o} on which every leaf is a 2-sphere S 2 (r) of radius r > 0.
The homothety factor R * + preserves no leaf of F S . Hence, R * + ×SO(3) acts on E 3 \{o} transitively. Finally, the group G = R * + × SO(2) preserves the line F L (o) and acts on the both connected components of
Proofs of Theorems 3.1 and 3.2: By Proposition 3.3, every connected Lie subgroup G of Conf(E 3 ) with dim G ≥ 2 is conjugate to one of the groups listed in Table 3 . The above consideration shows that, if G acts on E 3 with cohomogeneity one (resp. zero), then, the G-orbits in E 3 are exactly the same as the orbits induced by one of the groups indicated in (1) (resp. (2)).
ACTIONS PRESERVING A GREAT SPHERE IN S 3
The actions admitting a fixed point in the sphere S 3 are studied in Section 3. Also, if a Lie subgroup G ⊂ Conf • (S 3 ) = SO • (1, 4) = Iso • (H 4 ) fixes a point in the hyperbolic space H 4 , then up to conjugacy, it is a subgroup of SO (4) . Actions induced by the subgroups of SO(4) are considered in Section 2. In this section, we study the actions preserving a positive definite linear subspace V of R 1,4 . Theorem 4.1. Let G be a connected Lie subgroup of SO • (1, 4) which acts on S 3 with cohomogeneity one. Furthermore, assume that G fixes no point neither in H 4 nor in S 3 . Then G is conjugate to SO • (1, 2) . Theorem 4.2. Let G be connected Lie subgroup of SO • (1, 4) which acts on S 3 with cohomogeneity zero. Furthermore, assume that G fixes no point neither in H 4 nor in S 3 . Then G = SO • (1, 4) or it is conjugate to either
Let G be a connected Lie subgroup of Conf(S 3 ) = O(1, 4) which preserves a positive definite linear subspace V ≤ R 1,4 . The group G preserves the orthogonal complement V ⊥ ≤ R 1,4 as well, which is a Lorentzian subspace. There are two cases:
-If V is 1-dimensional, then G acts on V trivially, and so, it is a subgroup of SO • (1, 3), up to conjugacy. The orthogonal complement V ⊥ is a Lorentzian space of signature (1, 3) . The projection by P of the nullcone N 1,3 of V ⊥ ≈ R 1,3 is a great 2-sphere S 2 . We show that the complement of S 2 in S 3 has two connected components each of them conformally equivalent to the 3-dimensional hyperbolic space H 3 . Let {e 1 , e 2 , e 3 , e 4 } be an orthonormal basis for V ⊥ which e 1 is a timelike vector, and let e 5 ∈ V be a unit vector. The set B = {e 1 , · · · , e 5 } is an orthonormal basis of R 1,4 . For an arbitrary point p ∈ N 1,4 ⊂ R 1,4 we denote its coordinate respect to the basis B with (t, x, y, z, u). We have
If u = 0, then p ∈ N 1,3 ⊂ V ⊥ ≈ R 1,3 , and so P(p) ∈ S 2 . If u = 0, dividing p by |u| we may assume −t 2 + x 2 + y 2 + z 2 = −1.
which describes the 3-dimensional hyperbolic space H 3 . One component corresponds to u < 0 and other to u > 0. It can be easily seen that this identification is SO • (1, 3)-equivariant with respect to the natural action of SO • (1, 3) on H 3 . Thus, SO • (1, 3) acts on S 2 and the both connected components of S 3 \ S 2 transitively. -If V has dimension 2, then its orthogonal complement V ⊥ ≤ R 1,4 is a 3-dimensional Lorentzian space. This induces a representation from G into SO • (1, 2) × SO(2). The projection by P of the nullcone N 1,2 of V ⊥ ≈ R 1,2 is a great circle S 1 . We show that the complement of S 1 in S 3 is conformally equivalent to the direct product H 2 × S 1 . Let {e 1 , e 2 , e 3 } be an orthonormal basis of V ⊥ which e 1 is a timelike vector. Also, assume that {e 4 , e 5 } is an orthonormal basis of V . The set B = {e 1 , · · · , e 5 } is an orthonormal basis of R 1,4 . For an arbitrary point p = (t, x, y, z, u) ∈ N 1,4 in coordinate B, we have
If p ∈ V ⊥ (i.e. z = u = 0), P(p) belongs to P(N 1,2 ) = S 1 ⊂ S 3 . If p / ∈ V ⊥ , dividing p by √ z 2 + u 2 we may assume −t 2 + x 2 + y 2 = −z 2 − u 2 = −1, which describes the direct product H 2 ×S 1 . Note that, this identification is SO • (1, 2)×SO(2)-equivariant where the action of SO • (1, 2) × SO(2) on H 2 × S 1 is the one induced from the direct product structure. This shows that, SO • (1, 2) × SO(2) acts on the complement S 3 \ S 1 transitively.
